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In 1984 T. Carlson and S. Simpson established an infinitary extension of the Hales—Jewett
Theorem in which the leftmost letters of all but one of the words were required to be
variables. (We call such words left variable words.) In this paper we extend the Carlson—
Simpson result for left variable words, prove a corresponding result about right variable
words, and determine precisely the extent to which left and right variable words can be
combined in such extensions. The results mentioned so far all involve a finite alphabet.
We show that the results for left variable words do not extend to words over an infinite
alphabet, but that the results for right variable words do extend.

1. Introduction

Our story begins with the Hales—Jewett Theorem. Given k € N, let Wy
denote the free semigroup on the alphabet {1,2,...,k}. That is, Wy consists
of all “words with letters from {1,2,...,k}” (i.e. functions whose domain is
an initial segment of N and whose range is contained in {1,2,...,k}) with
the operation of concatenation. (We are taking N to be the set of positive
integers. We let w = NU{0}.) A variable word over Wy is a word on the
alphabet {1,2,...,k}U{v} in which v occurs, where v is a “variable” not in
{1,2,...,k}. Given a variable word w over Wy, and t€{1,2,...,k}, w(t) has
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its obvious meaning, namely the result of replacing all occurrences of v with
t.

Theorem 1.1 (Hales—Jewett). Let k,r € N and let Wy =;_, A;. Then
there exist i €{1,2,...,r} and a variable word w over Wy, such that {w(t):
te{1,2,...,k}} C A;.

Proof. [6]. 1

Notice that, in the Hales—Jewett Theorem, one cannot expect that the
variable v will occur as either the leftmost or rightmost letter of w. Indeed,
suppose that k> 2. Let

By = {w € Wj : the leftmost letter of w is 1},

By = {w € Wj : the leftmost letter of w is not 1},
Cy; = {w € Wj : the rightmost letter of w is 1}, and
Cy = {w €W : the rightmost letter of w is not 1} .

Then let A1 =B1NCy, Ao=B1NCy, A3=ByNC1, and Ay = BsNCy. Then
no variable word satisfying the conclusion of Theorem 1.1 has the variable
v as either its leftmost or rightmost letter.

Definition 1.2. Let keN.

(a) A left variable word over Wy is a variable word over W) whose left-
most letter is the variable v.

(b) A right variable word over Wj, is a variable word over Wy whose
rightmost letter is the variable v.

In 1984, T. Carlson and S. Simpson established an infinitary extension
of the Hales—Jewett Theorem which involved left variable words. (When F
is a finite nonempty subset of N, by [],,cr @m, we mean the product in
increasing order of indices.)

Theorem 1.3 (Carlson—Simpson). Let k,r € N and let W, = ;_; A;.
Then there exist i € {1,2,...,r} and a sequence (wp,)oc_; of variable words
over Wy, such that for every m>1, wy, is a left variable word, and for every
neN and every f:{1,2,...,n}—{1,2,...,k}, [Ih—1wm(f(m)) € A;.

Proof. [3, Theorem 6.3]. 1

Notice that the Carlson—Simpson Theorem easily implies the correspond-
ing result in which the leftmost letter of each word is required not to be
variable.
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Corollary 1.4. Let k,r €N and let W, =;_, Ai. Then there exist i € {1,2,
...,r} and a sequence (u,,)5°_ of variable words over Wy, such that for every
m, the leftmost letter of wy,, is not the variable v, and for every n € N and

every f:{1,2,...,n}—{1,2,...,k}, [Th—1um(f(m)) € A,.

Proof. For each m, let wu,, = wap—1(1)wem (v). (By wap,(v), we mean of
course simply way,.) ]

In 1988 and 1989, T. Carlson and (independently) H. Furstenberg and
Y. Katznelson established the following extension of Corollary 1.4, in which
one is not restricted to products of initial segments of N. (Given a set A, we
denote the set of finite nonempty subsets of A by Pr(A).)

Theorem 1.5 (Carlson and Furstenberg—Katznelson). Let k,r € N
and let Wy, = Uj_, Ai. Then there exist i € {1,2,...,r} and a sequence
(um)pe—y of variable words over Wj, such that for every F € Py(N) and

every f:F—{1,2,....k}, [Iher um(f(m)) € A;.
Proof. [5, Theorem 2.5] or [2, Theorem 12] applied to €e=1=(1,1,1...). 1

Notice that one cannot hope to extend Theorem 1.3 in exactly the same
way that Corollary 1.4 is extended by Theorem 1.5 because of the observa-
tion already made that one can easily prevent having a left variable word w
with w(1) and w(2) in the same cell of a partition. However, it was recently
established that almost as much can be done.

Theorem 1.6. Let k,r €N and let Wy, =J;_; Ai. Then there exist i €{1,2,
...,r} and a sequence (w,,)$°_; of variable words over Wy, such that for every
m>1, wy, is a left variable word, and for every F € Py(N) with min F' =1
and every f:F—{1,2,....k}, [Tner wm(f(m))€A,.

Proof. [8, Theorem 2.3]. |

In Section 2 of this paper we generalize Theorem 1.6 in a way that allows
us to avoid requiring that min F'=1, derive a similar result for right variable
words, and then establish a common generalization of both of these exten-
sions. (Notice that results for right variable words are not a consequence of
a simple right-left switch. Any such switch involves writing products in de-
creasing order of indices.) We also give an example showing that our results
are the best possible.

In Section 3 we investigate extensions of these results to the free semi-
group on infinitely many letters, showing that the natural extension for right
variable words is valid, but that the extension for left variable words is im-
possible.
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We shall utilize extensively the algebraic structure of the Stone-Cech
compactification 35 of a (discrete) semigroup (S,-). We take the points of
8S to be the ultrafilters on S, the principal ultrafilters being identified with
the points of S. Given a set ACS, A={peBS:A€p}. The set {A:ACS}
is a basis for the open sets (as well as a basis for the closed sets) of 3S.

There is a natural extension of the operation - of S to S making 3S
a compact right topological semigroup with S contained in its topological
center. This says that for each p€ 85 the function p,: 35S — 3S is continuous
and for each z € 5, the function A, : 35— (S is continuous, where p,(q)=¢-p
and A\;(q) =z -q. The operation is characterized as follows. Given p,q € 35
and ACS, A€p-q if and only if {zr€S:x ' Acq}€p, where 271 A={ycS:
x-y € A}. (The notation is not intended to suggest that x has an inverse.)
See [7] for an elementary introduction to the semigroup (3S.

Any compact Hausdorff right topological semigroup (7',-) has a smallest
two sided ideal K (7") which is the union of all of the minimal left ideals of T',
each of which is closed [7, Theorem 2.8|, and any compact right topological
semigroup contains idempotents. Since the minimal left ideals are themselves
compact right topological semigroups, this says in particular that there are
idempotents in the smallest ideal. There is a partial ordering of the idempo-
tents of T determined by p<gq if and only if p=p-¢=¢-p. An idempotent p is
minimal with respect to this order if and only if p€ K(T') [7, Theorem 1.59].
Such an idempotent is called simply “minimal”.

Definition 1.7. Let (S,-) be an infinite discrete semigroup. A set ACS is
central if and only if there is some minimal idempotent p such that A€ p.

Central sets were introduced by Furstenberg [4] and defined in terms of
notions of topological dynamics. These sets enjoy very strong combinato-
rial properties. (See [4, Proposition 8.21] or [7, Chapter 14].) See [7, The-
orem 19.27] for a proof of the equivalence of the definition above with the
original dynamical definition.

We shall state our results in terms of an arbitrary central subset of W.
Partition results automatically follow because, given a minimal idempotent
p€ Wy and given r €N, if Wi, =J;_; 4;, then some A; €p and is therefore
central.

We would like to thank the referees for constructive reports.

2. Left and Right Variable Words over Finite Alphabets

We work throughout this section with a fixed finite alphabet {1,2,...,k} for
some keN.
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Definition 2.1. Let k& N.
)Y = X?ﬂﬁwk

(a
(b) )
(¢) J={(w(1),w(2),..
(d) 2
(

I={(w(1),w(2),...,w(k)):w is a variable word over W}.
yo.,w(k)):w is a left variable word over Wy }.
H={(w(1),w( ), w(k)):w is a right variable word over W}.

e) E=1U{(w,w,..., ).wEWk}.
We denote the closures of I, J, H, and E in Y by I, J, H, and FE
respectively.

The proof of the following lemma is an elaboration of the method of proof
introduced by Furstenberg and Katznelson in [5] in the context of enveloping
semigroups.

Lemma 2.2. Let p be any minimal idempotent in Wy. Then p =
(p,p,...,p) € I. Also there exist minimal idempotents qi,qs,...,q. and
r1,72,...,7) in W, such that

(1) §=(q1,92;---,qx) € J;

(2) r=(r1,r,...,1x)EH;

(3) for all j€{1,2,...,k}, pg;=p and q;p=gq;;

(4) for all j€{1,2,...,k}, prj=r; and rjp=p;

(5) for all i,j€{1,2,...,k}, ¢;q;=q;; and

(6) for all i,j €{1,2,...,k}, rjri=r;.

Proof. By [7, Theorems 2.22 and 4.17] we have that F is a subsemigroup
of Y, I is an ideal of E, J is a right ideal of E, and H is a left ideal of E.
y [7, Theorem 2.23], K(Y)=X¥_ K(3W,). We claim that

() if s € K(6Wy), then (s,s,...,s) € E.

To see this, let U be a neighborhood of (s,s,...,s) and pick A € s such
that A* CU. Pick we A. Then (w,w,...,w)EUNE.

Thus we have that ENK(Y)#( so by [7, Theorem 1.65], K(Y)NE =
K(FE). Since I is an ideal of E, we have that pe K(Y)NE=K(E)CI.

Since p is a minimal idempotent in E, pick (by [7, Theorem 2.8]) a mini-
mal left ideal L and a minimal right ideal R of E such that p€ LNR. Pick, by
[7, Corollary 2.6 and Theorem 2.7], a minimal right ideal R’ and a minimal
left ideal L’ of E such that R’ CJ and L' C H. Then by [7, Theorem 2.7],
LNR and L'NR are groups. Let ¢=(q1,42,---,qx) be the identity of LN R’
and let 7= (r1,72,...,7%) be the identity of L'NR.

By [7, Lemma 1.30], we have that ¢ and p are right identities for L and
7 and P are left identities for R. Thus conclusions (1), (2), (3), and (4) hold.
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Conclusion (5) follows from conclusion (3) and conclusion (6) follows
from conclusion (4). (For example, given i,j € {1,2,...,k}, ¢iq; = (¢ip)q; =
4i(pg;) =aip=4:) I

Notice that, while the coordinates of p are all equal, none of the coor-
dinates of the vectors ¢ or 7 produced in Lemma 2.2 can be equal. (For
example, {w € Wy : the rightmost letter of w is 1} € r; while {w € W : the
rightmost letter of w is 2} €ry.)

Observe that Lemma 2.2 says in particular that {p,q1,q2,...,qx} and
{p,r1,7r2,...,1} are subsemigroups of SWj.

Lemma 2.3. Let S be a discrete semigroup and let I be a finite subsemi-
group of 3S. For ACS, let At={xcA:x"'AcNT}. If AcNT, then

(1) AteNT and

(2) for each x€ AT, 2= ' ATeNT.

Proof. For conclusion (1), we have that AT=AN,cp{r€S:a 1At} so
it suffices to let t,s €T and show that {r€S:x A€t} €s. Since st T we
have that A€ st and so {r€S:27 1At} €s as required.

To establish conclusion (2), let € AT and let B=x"'A. Then BeNT
and so, by conclusion (1), BT € NT. It thus suffices to show that Bt Cz~1AT.
Solet y € BT. Then y € B and so xy € A. Also, (zy) 'A=y ' (z7'A)=y~'Be
NT. |

Theorems 2.4 and 2.5 are both corollaries of Theorem 2.7. However, the
individual proofs are simpler, and we feel it is also instructive to see how the
two proofs are combined to yield Theorem 2.7, so we present them both.

Theorem 2.4. Let k € N and let B be any central subset of Wy. There
exists a sequence (w, )5, of variable words over W), such that

(1) for each n€w, wap41 is a right variable word and

(2) for all F' € P¢(N) and all f:F — {1,2,...,k}, if maxF' is even, then

Tner wm(f(m))eB.

Proof. Pick an idempotent p€ K(SWy) such that B€p and let ry,7r9,...,7%
be as in Lemma 2.2. Let M = {x € W}, : 2~ 'B € p}. Since p = pp =rip =
rop = ... =TEp, we have that M Epﬂﬂ?zlrj. Let M ={zeM:27'Mc
pﬁﬂ?zl r;}. Let Ny =MT. Then by Lemma 2.3, N; Eﬂ?zl rj so that mk is
a neighborhood of 7, and hence N1¥N H # 0. Pick a right variable word w;
such that
(wl(l),wl (2), . ,wl(k)) S le .

Let n €N and assume that we have chosen variable words wq,wo,...,w,

satisfying the following induction hypotheses.
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(a) If1€{1,2,...,n} is odd, then wy is a right variable word.
(b) If 0#£F C{1,2,...,n} and f:F—{1,2,...,k}, then [[,,cp wn(f(m)) €
MT and, if max F is even, then [[,,,cp wm(f(m)) € B.

Let L = {Ilner wm(f(m)):0# F C{1,2,...,n} and f: F — {1,2,...,
k}} and let N1 = MTﬂﬂxeL z~ M. By assumption L C MT and so, by
Lemma 2.3, Nyt Epﬂﬂ?zl Tj.

Assume first that n is even. Then Nn+1k is a mneighborhood of

and so N,1" N H # 0. Pick a right variable word wy,,; such that
(Wni1(1),wn11(2), -, w1 (k) € Ny *
Next assume that n is odd, and let P, 1 =N, 1NBN,¢p, 2~ 'B. Then

mk is a neighborhood of 7 and so P,1* NI # (). Pick a variable word
wWp41 such that (w4 1(1),wpe1(2),. .., wne1(k)) € Pyt

Hypothesis (a) clearly holds. To verify hypothesis (b), let § £ F C {1,2,
cooo,n+1} and let f: F — {1,2,...,k}. If n+1 ¢ F, the conclusion holds
by assumption, so assume that n+1 € F. If F' = {n+ 1} we have that
Wpi1(f(n+1)) € MY and if n+1 is even, wy1(f(n+1)) € B. So assume that
G=F\{n+1}#0. Let c=]],,eq wm(f(m)). Then z € L so wy41(f(n+1)) €
7'M and if n41 is even, wy41(f(n+1)) €z B. |

Theorem 2.5. Let k € N and let B be any central subset of Wy. There
exists a sequence (w,)$ ; of variable words over W), such that

(1) for each n €N, wy, is a left variable word and

(2) for all F € P¢(N) and all f:F — {1,2,...,k}, if minF is odd, then
[mer wmn(f(m)) € B.

Proof. Pick p € K(fWy) such that B € p and let q1,q2,...,qx be as in
Lemma 2.2. Given AEpﬁﬂ?zl q;, let Ai:{xeA:aflAEpﬂﬂ?:l ¢;}. Then
by Lemma 2.3, A} Epﬁﬂ?zl gj and for each re Atz LAY Epﬂﬂ?zl qj-

Let Ci;={z€B:x"'B Epﬁﬂ;?:lqj}. Since p=pp=pq1 =pga=...=pq,
C1€p and so ak is a neighborhood of p and thus C;¥NI 0. Pick a variable
word w such that (wy(1),wy(2),...,w;(k))€Cy¥.

Let Dy = ﬂle wy(t)"'B and note that Dy € pﬂﬂ?zl qj- Let Fy = D5t

Then E_gk is a neighborhood of ¢=(q1,qo,...,q;) and thus Eo*NJ#0. Pick
a left variable word wy such that (wy(1),w2(2),...,wa(k)) € Eo*.

Let n>2 and assume that we have chosen variable words wy,ws, ..., ws,.
Assume also that for odd [€{1,2,...,n} we have chosen C;€p and that for
even [ € {1,2,...,n} we have chosen D; € pﬂﬂ?zl q; so that the following
induction hypotheses are satisfied.

(a) If I € {1,2,...,n} is even, then w; is a left variable word and D; C
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(b) If1€{1,2,...,n} is odd and t€{1,2,...,k}, then w;(t) e C; CCy.
() f O #£F C{1,2,....n}, f: F — {1,2,...,k}, and 2/ < minF, then
[Lner wm(f(m)) € Dyt and, if min F is odd, then [],,,cp wm(f(m))€ B.

For [ €N with 2l <n, let

Gun={ [T wm(f(m)): 0 £ F C {20,201 +1,...,n}
el andf:F—>{1,2,...,k‘}}.

If n =2s, let Cpp1 = Crm1 NN (Dy* N Neec, ., 2z~ 'Dy%). By induction
hypothesis (c), if z€ G}, then z€ Dyt and so, by Lemma 2.3, 2~ Dyt ep.
Therefore Cn+1k is a neighborhood of p. So we may pick a variable word
Wy 1 such that (wn (1), wne1(2), ..., wny1(k))€Chir.

Ifn=2s+1,let Dypy1 =D, 1N ﬂle wy(t)~'B. By hypothesis (b), we
have that each w,(t) € C; and so D, Epﬂﬂ?zl q;- Let B, = Dpiin
ﬂf:l(Dgli NMNee, , a:*ngli). Then E, 11 Epﬂﬂ?zl g;. Pick a left variable
word wy,+1 such that

(wnr1 (1), wns1(2), .. wnp1 (k) € Bpya®

Hypotheses (a) and (b) are satisfied immediately. To verify hypothesis
(c),let 0£F C{1,2,....n+1}, let f:F—{1,2,...,k}, and, if min F'> 1, let
2l<minF'. If n+1¢ F, the conclusions hold by assumption, so assume that
n+1€ F. Assume first that F'={n+1}. If n+1 is odd, then w,,+1(f(n+1)) €
Cpi1 C Dy*NB. If n+1 is even, then wy, 1 (f(n+1)) € E,y1 C Dyt Now
assume that |F| > 2, let K = F\{n+ 1}, and let = = [],,ex wm(f(m)).
If minF > 1, then z € G}, and so w,41(f(n+1)) € 271Dyt Therefore
[Ler Wm(f(m)) € Dyt. Finally, let a =min F and assume that a=2s— 1.
Let P=F\{a}. Then we have established that [],,cp wm(f(m)) € Das*. And

Doy Cwa(f ()" B, 50 [Tyep win(f(m)) € B. i

When we deal with products including both left and right variable words,
we shall be concerned with the need to separate their occurrences.

Definition 2.6. Let (w,)5%; be a sequence of variable words and let F' €
Ps(N).

(a) The set F' strongly separates (wy)nep if and only if whenever i and j are
members of I such that wj; is a right variable word and w; is a left variable
word, there is some [ € F' such that [ is between 7 and j and w; is neither a
left variable word nor a right variable word.
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(b) The set F' weakly separates (wy)ner if and only if whenever i and j are
members of F' such that w; is a right variable word, w; is a left variable
word, and ¢ < j, there is some [ € F' such that [ is between ¢ and j and wy is
neither a left variable word nor a right variable word.

Theorem 2.7. Let k € N and let B be any central subset of Wy. There
exists a sequence (w, )5, of variable words over W), such that

(1) for each n€w, wap+1 is a right variable word;

(2) for each n€w, wip43 is a left variable word;

(3) for each n € w, Want2 and wyy 44 are neither left nor right variable words;
and

(4) for all F € P¢(N), if F' strongly separates (wp)ner, minF #3 (mod 4),
max F'#1 (mod 4), and f:F—{1,2,...,k}, then [],,cp wn(f(m))€B.

Proof. Pick p € K(BWj,) such that B € p. Now W, = U Ul_ {w € W :
the leftmost letter of W is i and the rightmost letter of w is j}, and conse-
quently one of these sets must be in p. We may therefore assume that for
all u,w € B, the leftmost letters of v and w are the same and the rightmost
letters of u and w are the same. In particular, if w is a variable word with
{w(1),w(2),...,w(k)} C B, then w is neither a left variable word nor a right
variable word.

Let q1,q2,...,qx and 71,72,...,7; be as in Lemma 2.2. Let M ={x € W:
r~1B€p}. Since p=pp=rip=rop=...=7p, we have that MEpﬁﬂ;?:l T
Let MT={ze M: aflMEpﬂﬂf 175}

We shall choose the sequence (w, )5 ; inductively. Given n> 1, if we have

chosen (wy,)"_,, we shall let

Ly ={ ] wal(f(m)):0#FC{1,2,...,n}
meF
andf:F—>{1,2,...,k}}ﬂMT.

We shall also be choosing for each n =3 (mod 4), a set D, € pN ﬂ?;l q;-
We shall let D} ={z € D, :27'D, Epﬁﬂ;?:l ¢;}. Then, given [ and n, if

41 —1<n and we have chosen (wy,)},_,, we shall let

Gl,n:{H wm @#FC{4Z—14Z }
meF
andf:F—>{1,2,...,k‘}}ﬂD4l_1i.
Let Ny =MT". Then Ek is a neighborhood of 7= (r1,79,...,7;) and 7€

cly (H) so pick a right variable word w; such that (w;(1),w1(2),...,w1(k))€
Ni*.
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Let Bo=BNM' NN, (7'MTN27!B). Since L; C MT we have that
Byep. Let Co={x€By:x 'Byc€pn ﬂ;?:l ¢;}. Since p=pp=pg =pg> =
... = pqx, we have that Co € p and so @k is a neighborhood of p. Since
pE cly (I), pick a variable word wsy such that (w(1),w2(2),...,wa(k)) € CoF.
Since Cy C B, ws is neither a left variable word nor a right variable word.

Let D3 :ﬂle wo(t) "1 By. Then D3 € ﬂ;?:l ;- Let E3 = D3*. Then E_gk is
a neighborhood of 7= (q1,q2,...,qx) and ¢ € cly(J) so pick a left variable
word ws such that (ws(1),ws(2),...,ws(k)) € Es".

Let n>3 and assume that we have chosen variable words wq,ws,...,w,.
Assume also that for [€{1,2,...,n}, if [ is even we have chosen B; and C] in
p with B;C B and if /=3 (mod 4) we have chosen D Epﬂﬂ;?:l g;j. Assume
that the following induction hypotheses are satisfied. (We also assume that
the sets we construct are constructed in the same way at each stage.)

(a) If l€{1,2,...,n} and [=1 (mod 4), then w; is a right variable word.
(b) If1e{1,2,...,n} and [=3 (mod 4), then wy; is a left variable word.

(c) Ifl€{1,2,...,n} is even then wy is a variable word which is neither a left
variable word nor a right variable word and if t € {1,2,...,k}, then w;(t) € C}
and C;={z€B;:z" ' B, Epﬂﬂ?zl 45}

(d) f0£AFC{1,2,...,n}, f: F—{1,2,...,k}, €N with 4/—1 <min F <443,
and for all me€ F, m#1 (mod 4), then [],,cp wm(f(m)) € Dy_*.

(e) If 0AFC{1,2,...,n}, f: F—{1,2,...,k}, a=min F is even, and for all
meF, m#1 (mod 4), then [],,cr wm(f(m)) € B,.

f) f0#AFC{1,2,....,n}, f: F—{1,2,....k}, minF #3 (mod 4), and F
strongly separates (W )mer, then [],,cp wim(f(m)) € MT. If also max F #
1 (mod 4), then [],,cp wm(f(m)) € B.

Notice that wq(1) € Ly, and for each I€N with 41 —1<n, wy_1(1) € Gy,
so these sets are nonempty.

Assume first that n is odd, and pick s such that 4s—1<n<4s+3. Let

Bni1= B NNy wno1() ™ Byt N Nyer, (7' MTN2™1B) N
Miz1(Da—1* N Nyec,, © " Daua?).

By hypothesis (c) we have that w, 1(t)"'B,_1 € p for each t € {1,2,
...,k}. Since L, C M' and each Gin C Dy_1*, we have by Lemma 2.3
that Bpi11 € p. Let Cpp1 = {x € By - x_anH € pﬂﬂ?zl q;}. Since
P=pp=Dpq =pq2 =...=pqk, Cpnt+1 € p. Pick a variable word w,4; such
that (wni1(1),wng1(2),...,wne1(k)) € Cpyt®. Since Cpy1 C B we have that
wWp+1 18 neither a left variable word nor a right variable word.
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Now assume that n=4s for some s€N. Let N, 11 =M NN,c; x M.

Then NnH/LC is a neighborhood of 7 so pick a right variable word wy,+1 such

that (wn+1(1),wn+1(2), . ,wn+1(k)) S Nn+1k.
Finally assume that n=4s+2 for some s€N. Let

Dyy1 =D, 3N ﬂf:l(wn(t)_an N wn72(t)_1Bn72) .

By hypothesis (¢) we have that D, € pﬂﬂ?':l q;. Let
Ent1 =Dt NN, Necay., o Dyt

Since each Gj, C Dy_1*, we have by Lemma 2.3 that E, ; € pﬂﬂ?zl q;-

Then mk is a neighborhood of ¢ so pick a left variable word w1 such
that (wny1(1), wn11(2),.. ., wni1(k)) € Epyi”.

Hypotheses (a), (b), and (c) are satisfied directly. To verify hypothesis
(d), assume that 0#£F C{1,2,...,n+1}, f: F—{1,2,... .k}, dl—1<min F <
4143, and for all me F, m#1 (mod 4). If n+1¢ F', the conclusion holds by
assumption, so we assume that n+1¢€ F. Assume that F={n+1}. If n+1
is even, we have w41 (f(n+1)) € Cpi1 C Byp1 € Dy_1F. If n41 is odd, in
which case n+1=41—1, we have wy,1(f(n+1)) € Epp1 C Dy_1*.

To conclude the verification of hypothesis (d), assume that |F|>2. Let
K=F\{n+1}, and let z=]],,c c wm(f(m)). By assumption, € Dy_;* and
so x € Gy p. If n+1 is even, we have wy,1(f(n+1))€Cpy1 C Dy If
n+1 is odd, we have wy+1(f(n+1)) € Epy1 C 27 Dy_1}. Thus, in either
case, [Lner wn(f(m))€Dy_1*.

To verify hypothesis (e), assume that 0 # F C{1,2,...,n}, f: F—{1,2,
...,k}, a =minF is even, and for all m € F, m # 1 (mod 4). We may
assume that n+1¢€ F. If F'={n+1}, we have w,11(f(n+1)) € Cryq C
By+1, so assume that |F| > 2 and let 7= F\{a}. Pick s and [ in N such
that 4s —1 < minT < 4s+ 3 and either a =4l or a =41 +2. If | < s we
have [[,er Wi (f(m)) € Dys—1* C Dyy3 C wa(f(a)) ' By. So assume that
[ = s. Then since 41+ 1 ¢ F we have a = 4] and minT = 4] + 2. Thus
Mner Wi (f(m)) € Buyz Cwy(f(41) " By.

To verify hypothesis (f), assume that ) £ F C{1,2,...,n}, f: F—{1,2,
...,k}, min FF#3 (mod 4), and F strongly separates (w,)mer. Again, we
may assume that n+1€ F. Assume first that F'={n+1}. If n+1 is even,
we have that wy,,1(f(n+1))€Cpi1 CBpy1 CByCMTNB. If n+1 is odd, in
which case n4+1=1 (mod 4), we have w,, 1 € N, 1 C M.

Now assume that |F| > 2. Assume first that n+1 # 3 (mod 4), let
K = F\{n+1}, and let z = [],,ex wm(f(m)). Then K strongly sepa-
rates (W )mex and minK # 3 (mod 4), so by assumption z € MT and
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s0 €Ly If n+1=1 (mod 4), then wy,11(f(n+1)) € Nyy1 C2 ' MT and
80 [Iner Wi (f(m)) € MT. If n+1 is even, then wy11(f(n+1)) € Cpyq C
2 IMTNz7 B and so [[nep wm(f(m)) € MTNB.

Finally assume that n+ 1 = 3 (mod 4). Since F strongly separates
(W )mer and minF' # 3 (mod 4), some member of F is even. Let b =
max{t € F':t is even}. Let P={t€ F:t>b} and notice that for all m € P,
m # 1 (mod 4). Then by hypothesis (e), we have [],,cp wm(f(m)) € B.
If P=F, then since B, C By C MTN B, we are done. Assume then that
P#F and let K=F\P. Let x=]],,cx wm(f(m)). Then K strongly sepa-
rates (W, )mex and min K #3 (mod 4) so by assumption = € MT and thus
x € Ly_1. Therefore

[Lnep wm(f(m)) € By C z'Minz7'B
and so HmeF wm(f(m)) eMinB. 1

We see that as an immediate consequence of Theorem 2.7, we do not
need to demand that there be a separator between a left variable word and
a following right variable word. (The reason for this lies in the fact that, if
P, 4, and 7 are as in Lemma 2.2, then ¢7=¢pr.)

Corollary 2.8. Let k € N and let B be any central subset of Wy,. There
exists a sequence (up)>2 of variable words over Wy, such that

(1) for each n€w, us,y1 Iis a right variable word;

(2) for each n€w, ugyy3 is a left variable word;

(3) for each n€w, ugyyo is neither a left nor right variable word; and

(4) for all F € P¢(N), if F' weakly separates (un)ner, minF # 3 (mod 3),
max F'#1 (mod 3), and f:F—{1,2,...,k}, then [],,cp um(f(m))€B.

Proof. Let (w,, )5 ; be as guaranteed by Theorem 2.7. For n€w, let us, 41 =
Win41, U3n42 = Wan42, and Uzp{3 = W4p43W4n4+4. Then conclusions (1), (2),
and (3) hold immediately.

Let F € P¢(N) be given such that F' weakly separates (un)ner, minF #
3 (mod 3), and max F'#1 (mod 3), and let f:F—{1,2,...,k}. Let

G = {4n+l:ncwand3n+1e€F}U
{4dn+2:n€wand3n+2€ F}U
{4dn+3:n€wand3n+3€ F}U
{4dn+4:newand3n+3 € F}.

Then G strongly separates (wp)neq, minG # 3 (mod 4), and maxG #
1 (mod 4). Define g: G —{1,2,...,k} by g(4n+1)=f(3n+1), g(4n+2)=
f(3n+2), and g(4n+3) = g(4n+4) = f(4n+3). Then [],,cr um(f(m)) =
[lneg wm(g(m)) € B. i
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We conclude this section by observing that it is necessary to separate
right variable words from following left variable words.

Theorem 2.9. Assume that k>2. Then there is a two cell partition of Wi,
such that there do not exist a right variable word wy and a left variable word
w9 such that both

(a) wi(1)we(1) and wy(1)wy(2) lie in the same cell of the partition and

(b) w1(2)wa(1) and wy(2)we(2) lie in the same cell of the partition.

Proof. For we W, let ¥(w) count the number of occurrences in w of a 1 fol-
lowed immediately by a 2. For i€ {1,2}, let A;={weWy:¥(w)=i (mod 2)}.
Suppose that we have 7,j € {1,2} such that wi(1)wy(1),w;(1)wy(2) € A; and
w1 (2)21)2 (1), w1 (2)’(02 (2) € Aj .

Then P(ur (1)) + P(un(1) = Plun(Wun()) = i = Sl (un(2)) =
P(w1(1)) +1+®(w2(2)), so that P(wq(1)) ZL(wa(2) (mod 2).
But also ¥(w1(2)) + P (we(1)) = £ 1 1) = j = P(w1(2)w2(2)) =

(2)ws(1)
2

(2
P(w1(2))+P(w2(2)), so that P(wa(1)) =P(w2(2)) (mod 2), a contradiction. i

3. Extensions to Infinite Alphabets

In this section we shall deal with possible extensions of our earlier results
to W, the free semigroup over a countably infinite alphabet, which we
take to be N. The kind of extension we are concerned with is illustrated
by the following (already known) generalization of Theorem 1.5. (The fact
that some cell B of any finite partition of W, satisfies the conclusion of
Theorem 3.1 is a consequence of [2, Theorem 15].)

Theorem 3.1. Let B be a central subset of Wx.. There exists a sequence
(um)pe—y of variable words over W, such that for every F € P¢(N) and every
f:F—N for which f(n)<n for all n€F, [],,cp um(f(m)) € B.

Proof. This is an immediate consequence of the non-commutative Central
Sets Theorem [7, Theorem 14.15]. To apply that theorem let for each [,n €N,
y1,n=1. Let the sequences (m(n))pe;, (dn)ney, and (H, 1,)°° | be as guaranteed
by that theorem. For each n€N, let

m(n) Hyi
Uy = (Hz 1 anz 'U| ) |) . an,m(n)-i—l' I

The reader wishing to verify Theorem 3.1 without going through the
proof of the non-commutative Central Sets Theorem should note that The-
orem 3.1 is a corollary to Theorem 3.5 below. We see now that no similar
extension of Theorem 2.5 is possible.



284 NEIL HINDMAN, RANDALL MCCUTCHEON

Theorem 3.2. There exists a two cell partition {A1, A2} of Wao such that
there do not exist i € {1,2} and a sequence (w,)52; of variable words such
that

(1) for each n>1, w, is a left variable word, and

(2) for each n>1 and each 1€{1,2,...,n}, wi(1)w,(l) € A;.

Proof. For we Wy, let ¥(w) count the number of occurrences of [ as the
1™ letter. Thus, if w=ajas---a,;, where each a; is a letter, ¥(w)=|{l€{1,2,
co,m}riap=1}]. For i€{1,2}, let A;={weWs:P(w)=i (mod 2)}.
Suppose we have i€ {1,2} and a sequence (wy,)>2; of variable words such
that
(1) for each n>1, w, is a left variable word, and
(2) for each n>1 and each [€{1,2,...,n}, wi(1)w,(l) € 4;.
Let [ be the length of w; and let n =1+ 1. Then Y(wi(1)w,(l+1)) =
P(w1(1)wy (1)) +1, which is a contradiction. |

Of course Theorem 3.2 also provides a counterexample to the correspond-
ing assertion involving central sets, since necessarily one of A; and Ay must
be central. In fact both A; and As are central. To see this, notice that 13W
is a right ideal of W4, and thus 13/ is a right ideal of SW, by [7, Corol-
lary 4.18]. Consequently there is a minimal idempotent p in 13Ws,. Now
consider the isomorphism 7 from W, to itself which interchanges the let-
ters 1 and 2 and leaves all other letters fixed. Then the continuous extension
T : fWso — W is an isomorphism by [7, Corollary 4.22] and thus 7(p) is
also a minimal idempotent. Given any w € 13Wyo, ¥(w) =% (7(w))+1. Con-
sequently A; €p if and only if As € 7(p). (We are grateful to Dona Strauss
for providing us with this simple argument.)

An attempt to modify the proof of Theorem 2.5 to apply to Ws, must,
of course, fail. The reason is that the set A* produced there would now refer
to membership in infinitely many ultrafilters. A similar objection about M T
prevents the direct extension of the proof of Theorem 2.4. However, we
are able to change the proof somewhat. We shall need a modification of
Lemma 2.2.

Definition 3.3. (a) V= X72,W,.

(b) I={(w(1),w(2),w(3),...):w is a variable word over W }.

(c) H={(w(1),w(2),w(3),...):w is a right variable word over Wy }.
(d) E=1U{(w,w,w,...):weWx}.

The entire analogue of Lemma 2.2 remains valid, but we shall only need
a small part.

Lemma 3.4. Let p be any minimal idempotent in fWs. Then p =
(p,p,p,...)€I. Also there exist idempotents r1,72,73,... in (Wso such that
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(1) 7=(r1,r2,73,...) € H and
(2) for all jeN, rjp=p.

Proof. By [7, Theorems 2.22 and 4.17] we have that E is a subsemigroup
of Y, I is an ideal of E, and H is a left ideal of E.
By [7, Theorem 2.23], K(Y)= XcnK (6Waso). We claim that

() if s € K(8Wx), then (s,s,s,...) € E.

To see this, let U be a neighborhood of (s,s,s,...), pick £ € N and for
each ¢ € {1,2,...,k}, pick A; € s such that mfﬂm*l@] C U. (Here m;
is the projection from Y onto its i*" coordinate.) Pick w € ﬂle A;. Then
(w,w,w,...)EUNE.

Thus we have that ENK(Y)#( so by [7, Theorem 1.65], K(Y)NE =
K(E). Since I is an ideal of E, we have that pe K(Y)NE=K(E)CI.

Since p is a minimal idempotent in E, pick (by [7, Theorem 2.8]) a mini-
mal right ideal R of E such that p€ R. Pick, by [7, Corollary 2.6], a minimal
left ideal L of E such that L C H. Then LNR is a group. Let 7= (r1,72,73,...)
be the identity of LN R. By [7, Lemma 1.30], we have that 7 and p are left
identities for R. |

Theorem 3.5. Let B be any central subset of Ws,. There exists a sequence
(wn)22, of variable words over Wy, such that

(1) for each n€w, wap41 is a right variable word and

(2) for all F€P¢(N) and all f:F —N, if f(n)<n for each n€ F and max F
is even, then [],,cp wm(f(m))e€B.

Proof. Pick an idempotent p € K(SWs,) such that B € p and let r1,79,73,. ..
be as in Lemma 3.4. Let M = {x € W4 : 2 ' B € p}. Since p=pp=r1p=
Top =T3p = ..., we have that M € pN(;Z;r;. In particular, T M] is a
neighborhood of 7 and so 71 '[M]N H # (). Pick a right variable word wy
such that w;(1)e M.

Now let n € N and assume that we have chosen variable words
w1y, ws,. .., W, such that
(1) if l€{1,2,...,n} is odd, then w; is a right variable word;
(2) if 0#£FC{1,2,...,n} and f:F —N so that f(I) <[ for each [ € F, then
[Lner wmn(f(m)) €M; and
(3) if 0 #£F C{1,2,...,n}, f: F — N so that f(I) <[ for each [ € F, and
max F' is even, then [],,cp wn(f(m)) € B.

Let L={[I,ncr wm(f(m)):0#F C{1,2,...,n} and f:F — N so that
f(1)<1 for each [ € F}. Given x € L, we have that € M and so 2 'B€p=
pp=rip=rep=rsp=..., and hence

tTIM={y eWx:aye M} ={y e Wa :y Hz7'B) ep} € pNN3Zy 15
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Let D=MNN,ep 2 M.

Assume first that n is even. Then we have !'m'[D] is a
neighborhood of 7, so pick a right variable word w,4; such that
{wns1(1),wn41(2),...,wpy1(n+1)} € D. Then hypotheses (1) and (2) are
satisfied.

Now assume that n is odd. Let E = DﬂBﬁﬂxeL x7'B. Since L C M,
we have that FE € p. Thus we have ﬂ”fll 7; _}[E] is a neighborhood of P, so
pick a variable word wy, 11 such that {w,11(1),w,+1(2),...,wpt1(n+1)} C E.
Then all hypotheses are satisfied. ]
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